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1 Introduction
The vector equilibrium problem is a unified model of several other problems,
for instance, vector variational inequalities, vector optimization problems or
Debreu-type equilibrium problems. This explains the increasing attention
paid to it by many researchers nowadays. For further information on this
topic, the reader is referred to the following list of selected publications:
[1-5],[7],[8],[10], [12],[14-17].
We report new results concerning the existence of solutions for the gen-
eralized vector quasi-equilibrium problems with correspondences fulfilling
weak-continuity assumptions. Firstly, our theoretical analysis is based on
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fixed-point theorems. In the case of Banach spaces, the assumption of con-
tinuity over correspondences can be weakened to almost lower semicontinu-
ity. The methodology of the proofs relies on an approximation technique.
We also establish a new equilibrium result in the case of lower semiconti-
nuity of the correspondences. We work on regular vector topological spaces
(dropping the local convexity). We also drop the property of properly C−
quasi convexity of f(x, y, ·). Our study is characterized by the refinement
of the hypotheses concerning the equilibrium problems. We underline its
novelty and the improvement of the existent results obtained so far in lit-
erature. Secondly, we obtained new equilibrium theorems by applying the
KKM principle.
The rest of the paper is organized as follows. Section 2 contains pre-
liminaries and notations. Sections 3 reveals the existence of solutions for
a generalized vector quasi-equilibrium problem. Several applications of the
KKM principle to the equilibrium problems are established in Section 4.
Section 5 presents the conclusions of our research.
2 Preliminaries and notation
For the reader’s convenience, we present several properties of the correspon-
dences which are used in our proofs.
Let X , Y be topological spaces and T : X ⇒ Y be a correspondence. T
is said to be upper semicontinuous if for each x ∈ X and each open set V
in Y with T (x) ⊂ V , there exists an open neighborhood U of x in X such
that T (x) ⊂ V for each y ∈ U . T is said to be lower semicontinuous if for
each x∈ X and each open set V in Y with T (x) ∩ V 6= ∅, there exists an
open neighborhood U of x in X such that T (y) ∩ V 6= ∅ for each y ∈ U .
Equivalently, T is lower semicontinuous if for each closed set V in Y, {x ∈
X : T (x) ⊂ V } is closed. For each x ∈ X, the set T (x) is called the upper
section of T at x. For each y ∈ Y, the set T−1(y) := {x ∈ X : y ∈ T (x)} is
called the lower section of T at y.
The graph of T : X ⇒ Y is the set Gr(T ) = {(x, y) ∈ X×Y : y ∈ T (x)}.
The correspondence T : X ⇒ Y is said to have a closed graph if the set
Gr(T ) is closed in X × Y. If T has a closed graph, then, the lower and the
upper sections are closed.
The correspondence T is defined by T (x) = {y ∈ Y : (x, y) ∈clX×Y Gr(T )}
(the set clX×Y Gr(T ) is called the adherence of the graph of T ). It is easy
to see that clT (x) ⊂ T (x) for each x ∈ X.
Lemma 1 concerns the continuity of correspondences. It will be also
crucial in our proofs.
Lemma 1 (see [20]). Let X and Y be two topological spaces and let A be a
closed subset of X. Suppose T1 : X ⇒ Y , T2 : X ⇒ Y are lower semicon-
tinuous correspondences such that T2(x) ⊂ T1(x) for all x ∈ A. Then the
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correspondence T : X ⇒ Y defined by T (z ) =
{
T1(x), if x /∈ A,
T2(x), if x ∈ A
is
also lower semicontinuous.
Let X be a nonempty convex subset of a topological vector space E, Z
be a real topological vector space, Y be a subset of Z and C be a pointed
closed convex cone in Z with its interior intC 6= ∅. Let T : X ⇒ Z be a
correspondence with nonempty values. T is said to be properly C−quasi-
convex on X , if for any x1, x2 ∈ X and λ ∈ [0, 1], either T (x1) ⊂ T (λx1 +
(1− λ)x2) + C or T (x2) ⊂ T (λx1 + (1− λ)x2) + C.
3 Main results
We start with the presentation of the problem we approach.
Let X be a nonempty subset of a topological vector space E and let Y, Z
be topological vector spaces. Let C : X ⇒ Z be a correspondence such that,
for each x ∈ X, C(x) is a pointed closed convex cone with intC(x) 6= ∅. Let
K : X ⇒ X, T : X ⇒ Y and f : X × Y × X ⇒ Z be correspondences
with nonempty values. We consider the following generalized vector quasi-
equilibrium problem:
(GVQEP 1): Find (x∗, y∗) ∈ X × Y such that x∗ ∈ K(x∗), y∗ ∈ T (x∗)
and f(x∗, y∗, u) * −intC(x∗) for each u ∈ K(x∗).
Firstly, we study a generalized vector quasi-equilibrium problem on Ba-
nach spaces with the general motivation of relaxing the continuity assump-
tions of the involved correspondences. The almost lower semicontinuous
correspondences defined by Deutsch and Kenderov in [6] enjoy the very in-
teresting property of having ε−approximate selections. This leads to the
fact that finding solutions for GVQEP by using this property is becoming
increasing crucial.
Now, we are going to present the almost lower semicontinuous corre-
spondences.
Let X be a topological space and Y be a normed linear space. The
correspondence T : X ⇒ Y is said to be almost lower semicontinuous
(a.l.s.c.) at x ∈ X (see [6]), if, for any ε > 0, there exists a neighborhood
U(x) of x such that
⋂
z∈U(x)
B(T (z); ε) 6= ∅.
T is almost lower semicontinuous if it is a.l.s.c. at each x ∈ X .
Deutsch and Kenderov [6] established the following characterization of
a.l.s.c. correspondences.
Lemma 2 (Deutsch and Kenderov, [6]) Let X be a paracompact topological
space, Y be a normed vector space and T : X ⇒ Y be a correspondence
having convex values. Then, T is a.l.s.c. if and only if, for each ε > 0,
T admits a continuous ε−approximate selection f; that is, f : X ⇒ Y is
a continuous single-valued function, such that f(x) ∈ B(T (x); ε) for each
x ∈ X.
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Let X,Y and Z be topological spaces and let K : X ⇒ X, C : X ⇒ Z
and f : X × Y × X ⇒ Z be correspondences with nonempty values. Let
P,G : X × Y ⇒ X be defined by
P (x, y) = {u ∈ X : f(x, y, u) ⊆ −C(x)} for each (x, y) ∈ X × Y and
G(x, y) = K(x) ∩ P (x, y) for each (x, y) ∈ X × Y.
We introduce the following notion.
Definition 1We say that f has the property P with respect to K on X×Y
if G is almost lower semicontinuous on X × Y.
We note that f satisfies the following property:
(P) for each ε > 0 and (x, y) ∈ X × Y, there exist u ∈ X and a neigh-
borhood U((x, y)) in X × Y such that, for each (x′, y′) ∈ U((x, y)), there
exists u′(x′, y′) ∈ K(x′)∩B(u; ε) with the property that f(x′, y′, u′(x′, y′)) ⊂
−C(x′).
The next theorem establishes the existence of solutions for the con-
sidered generalized vector quasi-equilibrium problem involving correspon-
dences with relaxed continuity, defined on Banach spaces.
Theorem 1 Let Z be a Banach space and let X,Y be nonempty compact
convex subsets of Banach spaces E, respectively F . Assume that:
i) K : X ⇒ X is an almost lower semicontinuous correspondence with
nonempty convex values such that K has nonempty lower sections; in addi-
tion, there exists an integer n0 ∈ N∗ such that B(K(X); 1n0 ) ⊂ X ;
ii) T : X ⇒ Y is an upper semicontinuous correspondence with nonempty
convex values;
iii) C : X ⇒ Z is a correspondence such that, for all x ∈ X, C(x) is a
pointed closed convex cone with intC(x) 6= ∅;
iv) f : X×Y ×X ⇒ Z is a correspondence with nonempty values which
satisfies the following conditions:
a) for all (x, y) ∈ X × Y, (x, y, x) /∈cl{(x, y, u) ∈ X × Y ×X :
f(x, y, u) ⊆ −C(x)};
b) for each (x, y) ∈ X×Y, the correspondence f(x, y, ·) : X ⇒ Z
is (−C(x))−quasi-convex;
c) A = {(x, y) ∈ X × Y : there exists u ∈ K(x) such that :
f(x, y, u) ⊆ −C(x)} is open or empty;
d) f has the property P with respect to K on A;
e) for each (x0, y0) ∈frA, there exists an open neighborhood U of
(x0, y0) such that
⋂
(x,y)∈U∩A(K ∩ P )(x, y) ⊂
⋂
(x,y)∈U K(x);
f) for each z ∈ X, {(x, y) ∈ X×Y : (x, y, z) ∈clX×Y×X{(x, y, u) ∈
X × Y ×X : f(x, y, u) ⊆ −intC(x) and u ∈ K(x)}} is nonempty.
Then, there exists (x∗, y∗) ∈ X × Y such that x∗ ∈ K(x∗), y∗ ∈ T (x∗)
and f(x∗, y∗, u) * −intC(x∗) for each u ∈ K(x∗).
Proof. The key idea of the proof is to use the Kakutani-Ky Fan fixed
point Theorem. To this end, we need to construct the following correspon-
dences.
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Let P,G : X × Y ⇒ X be defined by
P (x, y) = {u ∈ X : f(x, y, u) ⊆ −C(x)} for each (x, y) ∈ X × Y and
G(x, y) = K(x) ∩ P (x, y) for each (x, y) ∈ X × Y.
We are going to show that there exists a pair (x∗, y∗) ∈ X × Y, such
that x∗ ∈ K(x∗), y∗ ∈ T (x∗) and K(x∗) ∩ P (x∗, y∗) = ∅.
We consider two cases.
Case I.
A = {(x, y) ∈ X × Y : P (x, y) ∩ K(x) 6= ∅} = {(x, y) ∈ X × Y :
G(x, y) 6= ∅}=∅.
In this case, G(x, y) = ∅ for each (x, y) ∈ X × Y.
Firstly, let us define Kn : X ⇒ X by Kn(x) = B(K(x); 1/(n+ n0 − 1))
for each x ∈ K and n ∈ N∗. Since K is almost lower semicontinuous,
according to Lemma 2, for each n ∈ N, there exists a continuous function
fn : X → X such that fn(x) ∈ Kn(x) for each x ∈ X. Brouwer-Schauder
fixed point theorem assures that, for each n ∈ N, there exists xn ∈ X such
that xn = fn(xn) and then, xn ∈ Kn(xn).
Then, d(xn,K(xn)) → 0 when n → ∞ and since X is compact, {xn}
has a convergent subsequence {xnk}. Let x
∗ = limnk→∞ xnk . It follows that
d(x∗,K(xnk))→ 0 when nk →∞.
We claim that x∗ ∈ K(x∗). Let us assume, to the contrary, that x∗ /∈
K(x∗). K has a closed graph, therefore, its upper and lower sections are
closed. We note that condition i) implies that K has nonempty lower sec-
tions. Since {x∗} ∩ K
−1
(x∗) = ∅ and X is a regular space, there exists
r1 > 0 such that B(x
∗; r1) ∩ K
−1
(x∗) = ∅. Consequently, for each z ∈
B(x∗; r1), we have that z /∈ K
−1
(x∗), which is equivalent with x∗ /∈ K(z) or
{x∗}∩K(z) = ∅. The closedness of each K(z) and the regularity of X imply
the existence of a real number r2 > 0 such that B(x
∗; r2)∩K(z) = ∅ for each
z ∈ B(x∗; r1), which implies x0 /∈ B(K(z); r2) for each z ∈ B(x∗; r1). Let
r = min{r1, r2}. Hence, x∗ /∈ B(K(z); r) for each z ∈ B(x∗; r), and then,
there exists N∗ ∈ N such that for each nk > N∗, x∗ /∈ B(K(xnk); r) which
contradicts d(x∗,K(xnk))→ 0 as n→∞. It follows that our assumption is
false. Hence, x∗ ∈ K(x∗).
Since T has nonempty values, we can pick y∗ ∈ T (x∗). Obviously,
G(x∗, y∗) = ∅. Consequently, the conclusion holds in Case I.
Case II.
A = {(x, y) ∈ X × Y : P (x, y) ∩ K(x) 6= ∅} = {(x, y) ∈ X × Y :
G(x, y) 6= ∅} is nonempty and open.
Firstly we are proving the convexity of P (x0, y0), where (x0, y0) ∈ X×Y
is arbitrarily fixed. Indeed, let us consider u1, u2 ∈ P (x0, y0) and λ ∈ [0, 1].
Since u1, u2 ∈ X and the set X is convex, the convex combination u =
λu1 + (1− λ)u2 is an element of X.
Further, by using the property of properly (−C(x0)) −quasi-convexity
of f(x0, y0, ·), we can assume, without loss of generality, that f(x0, y0, u1) ⊂
f(x0, y0, u)− C(x0).
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We will prove that u ∈ P (x0, y0). If, to the contrary, u /∈ P (x0, y0),
then, f(x0, y0, u) * −C(x0) and, therefore, f(x0, y0, u1) ⊂ f(x0, y0, u) −
C(x0) * −C(x0) − C(x0) ⊆ −C(x0), which contradicts u1 ∈ P (x0, y0).
Hence, u ∈ P (x0, y0) and, consequently, P (x0, y0) is a convex set.
Since f fulfills the property P with respect to K on A, then, the corre-
spondence G is almost lower semicontinuous on A.
Further, let us define the correspondence H : X × Y ⇒ X by
H(x, y) =
{
G(x, y), if (x, y) ∈ A;
K(x), otherwise
=
{
K(x) ∩ P (x, y), if (x, y) ∈ A;
K(x), otherwise.
The correspondence H is nonempty and convex valued.
We notice that for each (x, y) ∈ X × Y, H(x, y) ⊆ K(x) and i) implies
that there exists an integer n0 ∈ N∗ such that B(H(X); 1n0 ) ⊂ X.
Now, we are proving that H is almost lower semicontinuous on X × Y.
Let (x0, y0) ∈ X×Y be arbitrary fixed. Let us consider firstly (x0, y0) ∈
A. Since H|A = G|A, it is nonempty valued. We conclude that H|A is almost
lower semicontinuous at (x0, y0) ∈ A. H|A∗ = K|A∗ , where A
∗ =int(X ×
Y \ A), and it is nonempty valued. We conclude that H|A∗ is also almost
lower semicontinuous on A∗. Condition iv e) implies that H is almost lower
semicontinuous at (x0, y0) ∈frA. Hence, H is almost lower semicontinuous
on X × Y.
For each n ∈ N∗, let us define Hn : X × Y ⇒ X by Hn(x, y) =
B(H(x, y); 1
n+n0−1
) for each (x, y) ∈ X × Y.
According to Deutsch and Kenderov Lemma, for each n ∈ N∗, there
exists a continuous function hn : X × Y → X such that hn(x, y) ∈ Hn(x, y)
for each (x, y) ∈ X × Y.
For each n ∈ N∗, let us define Mn : X × Y ⇒ X × Y by Mn(x, y) =
(hn(x, y),clT (x)) for each (x, y) ∈ X × Y.
For each n ∈ N∗, Mn is closed (since hn is continuous and clT is up-
per semicontinuous with nonempty closed values) and it has nonempty
closed convex values. Then, by the Kakutani-Ky Fan fixed point Theo-
rem, there exists a fixed point (x∗n, y
∗
n) ∈ Mn(x
∗
n, y
∗
n), which implies that
x∗n ∈ Hn(x
∗
n, y
∗
n) and y
∗
n ∈clT (x
∗
n). We note that d(x
∗
n, H(x
∗
n, y
∗
n)) → 0
when n→∞. Since X × Y is compact, (x∗n, y
∗
n)n∈N∗ has a convergent sub-
sequence (x∗nk , y
∗
nk
)nk∈N∗ . Let (x
∗, y∗) = limnk→∞(x
∗
nk
, y∗nk). It follows that
d(x∗, H(x∗nk , y
∗
nk
))→ 0 when nk →∞.
The correspondence clT is closed and therefore, y∗ ∈clT (x∗). We claim
that x∗ ∈ H(x∗, y∗). Let us assume, by the contrary, that x∗ /∈ H(x∗, y∗), or,
equivalently, (x∗, y∗) /∈ H
−1
(x∗). We note that condition iv f) implies that
H has nonempty lower sections. In addition,H has a closed graph, therefore,
its upper and lower sections are closed. Then, there exists r1 > 0 such that
B((x∗, y∗); r1) ∩ H
−1
(x∗) = ∅. Hence, for each (x, y) ∈ B((x∗, y∗); r1), we
have that (x, y) /∈ H
−1
(x∗), which means x∗ /∈ H(x, y) or {x∗}∩H(x, y) = ∅.
The closedeness of H(x, y) implies the existence of a real number r2 > 0
such that B(x∗; r2) ∩ H(x, y) = ∅ for each (x, y) ∈ B((x∗, y∗); r1), which
implies x∗ /∈ B(H(x, y); r2) for each (x, y) ∈ B((x∗, y∗); r1). Therefore, there
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exists N∗ ∈ N such that for each nk > N∗, x∗ /∈ B(H(xnk , ynk); r2), which
contradicts d(x∗, H(x∗n, y
∗
n)) → 0 when nk → ∞. We conclude that our
assumption is false. Hence, x∗ ∈ H(x∗, y∗).
The next step of the proof is to show that (x∗, y∗) /∈ A. We firstly note
that, according to iv a), x /∈ P (x, y) for each (x, y) ∈ X × Y. Suppose, to
the contrary, that (x∗, y∗) ∈ A. In this case, x∗ ∈ H(x∗, y∗) = G(x∗, y∗) ⊆
P (x∗, y∗), which contradicts the assertion above. Thus, (x∗, y∗) /∈ A. There-
fore, x∗ ∈ K(x∗), y∗ ∈clT (x∗) and G(x∗, y∗) = K(x∗) ∩ P (x∗, y∗) = ∅.
Consequently, there exist x∗, y∗ ∈ X such that x∗ ∈ K(x∗), y∗ ∈clT (x∗)
and f(x∗, y∗, u) * −C(x∗) for each u ∈ K(x∗).
We note that f(x∗, y∗, u) * −C(x∗) implies f(x∗, y∗, u) * −intC(x∗)
and then, the pair (x∗, y∗) ∈ X × Y is a solution of GVQEP.
Now, we recall the following important results.
Definition 2 Let K be a subset of a topological vector space E. According
to Hadzˇic´ ([9]), K is said to be of the Zima type if
(Z) for each neighborhood U of 0 in E, there exists a neighborhood V of
the origin in E such that co(V ∩ (E − E)) ⊂ U.
In [18], Park established the following result.
Theorem 2 (Theorem 3.1 in [18]) Let X be a convex subset of a topological
vector space E. Let T : X ⇒ X be an upper semicontinuous (respectively
a lower semicontinuous) correspondence with nonempty convex values such
that T (X) is of the Zima type.
If T (X) is totally bounded, then, for each neighborhood U of 0 in E,
there exists a U−almost fixed point of T, that is, a point xU ∈ X such that
T (xU ) ∩ (xU + U) 6= ∅.
Theorem 3 is stated in terms of upper semicontinuity for f(·, ·, u) : X ×
Y ⇒ Z (u ∈ X) and lower semicontinuity for K and T. By using the Park
Theorem, we firstly prove the existence of the U−almost fixed points for a
correspondence we construct. An approximation technique is used in order
to prove our statement. We work on regular vector topological spaces (we
drop the locally convexity). We also drop the property of properly C− quasi
convexity of f(x, y, ·). All of these make the differences between Theorem
3 and Theorem 3.2.4 in [13]. In fact, our result is an improvement of the
mentioned theorem. We underline that we use a different argument for the
proof.
Theorem 3 Let Z be a Hausdorff topological vector space and let X, Y
be nonempty compact convex subsets of regular topological vector spaces E,
respectively F . Assume that:
i) K : X ⇒ X is a lower semicontinuous correspondence with nonempty
convex open values such that K(X) is of the Zima type and K has nonempty
lower sections;
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ii) T : X ⇒ Y is a lower semicontinuous correspondence with nonempty
convex values such that T (X) is of the Zima type and T has nonempty lower
sections;
iii) C : X ⇒ Z is a correspondence such that, for all x ∈ X, C(x) is a
pointed closed convex cone with intC(x) 6= ∅;
iv) f : X×Y ×X ⇒ Z is a correspondence with nonempty values which
satisfies the following conditions:
a) for all (x, y) ∈ X × Y, (x, y, x) /∈cl{(x, y, z) ∈ X × Y ×X :
z ∈co{K(x) ∩ {u ∈ X : f(x, y, u) ⊆ −intC(x)}}};
b) A = {(x, y) ∈ X × Y : there exists u ∈ K(x) such that
f(x, y, u) ⊆ −intC(x)} is closed or empty;
c) for each u ∈ X, f(·, ·, u) : X ×Y ⇒ Z is upper semicontinuous
on A;
d) the correspondence Q : X ⇒ Z defined by Q(x) = Z\(−C(x))
for each x ∈ X is upper semicontinuous on prXA (if A 6= ∅);
e) for each z ∈ X, {(x, y) ∈ X×Y : (x, y, z) ∈clX×Y×X{(x, y, u) ∈
X × Y ×X : f(x, y, u) ⊆ −intC(x) and u ∈ K(x)}} is nonempty.
Then, there exists a solution (x∗, y∗) ∈ X × Y of GVQEP.
Proof. The key idea of the proof is to use the Park Theorem. Towards
this end, we need to construct the following correspondences.
Let P,G : X × Y ⇒ X be defined by
P (x, y) = {u ∈ X : f(x, y, u) ⊆ −intC(x)}, for each (x, y) ∈ X × Y and
G(x, y) = K(x) ∩ P (x, y), for each (x, y) ∈ X × Y.
We are going to show that there exists a pair (x∗, y∗) ∈ X×Y such that
x∗ ∈ K(x∗), y∗ ∈ T (x∗) and K(x∗) ∩ P (x∗, y∗) = ∅.
We consider two cases.
Case I.
A = {(x, y) ∈ X × Y : P (x, y) ∩ K(x) 6= ∅} = {(x, y) ∈ X × Y :
G(x, y) 6= ∅}=∅.
In this case, G(x, y) = ∅ for each (x, y) ∈ X ×Y. We can apply the Park
fixed point Theorem to K.
For each symmetric open neighborhood W of 0 in E, there exists a
symmetric open neighborhood U of 0 in E such that U+U ⊂W. According
to the Park Theorem, for each such a neighborhood U, there exists points
xU , yU ∈ X such that xU ∈ T (xU ) + U and xU ∈ yU + U.
Since X is compact, {xU} has a convergent subsequence {xU ′}. Let x
∗
be the limit of {xU ′}. It follows that x∗ ∈ T (xU ′) +W ′ for each symmetric
open neighborhood U ′ of 0 with the property that U ′ + U ′ ⊂W ′.
Let us assume that x∗ /∈ K(x∗).We note that condition i) implies that K
has nonempty lower sections. In addition, K has a closed graph, therefore,
its upper and lower sections are closed. Since {x∗} ∩K
−1
(x∗) = ∅ and X
is a regular space, there exists V1 an open neighborhood of 0 such that
(x∗ + V1) ∩ K
−1
(x∗) = ∅. Consequently, for each z ∈ (x∗ + V1), we have
that z /∈ K
−1
(x∗), which is equivalent with x∗ /∈ K(z) or {x∗} ∩K(z) = ∅.
The closedness of each K(z) and the regularity of X imply the existence
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of V2, an open neighborhood of 0, such that (x
∗ + V2) ∩K(z) = ∅ for each
z ∈ x∗ + V1, which implies x∗ /∈ K(z) + V2 for each z ∈ x∗ + V1. Let
V = V1 ∩ V2. Hence, x
∗ /∈ K(z) + V for each z ∈ x∗ + V, and then, there
exists U∗, an open neighborhood of 0 such that for each symmetric open
neighborhood of 0, U ′, with the property that U ′ ⊂ U∗, it is true that
x∗ /∈ K(xU ′)+V and therefore, x∗ /∈ K(xU ′∩V )+W ′∩V. The last assertion
contradicts x∗ ∈ K(xU ′)+W ′ for each symmetric open neighborhood U ′ of
0 with the property that U ′ + U ′ ⊂ W ′. It follows that our assumption is
false. Hence, x∗ ∈ K(x∗).
Since T has nonempty values, we can pick y∗ ∈ T (x∗). Obviously,
G(x∗, y∗) = ∅. Consequently, the conclusion holds in Case I.
Case II.
A = {(x, y) ∈ X × Y : P (x, y) ∩ K(x) 6= ∅} = {(x, y) ∈ X × Y :
G(x, y) 6= ∅} is nonempty and closed.
In this case, we firstly show that P is lower semicontinuous on A with
nonempty values. In order to do this, we are going to show that for each
closed set V in X, W0 = {(x, y) ∈ A : P (x, y) ⊂ V } is closed.
We notice that W0 = {(x, y) ∈ A : P (x, y) ⊂ V } = {(x, y) ∈ A : {u ∈
X : f(x, y, u) ⊆ −intC(x)} ⊂ V }.
Let (xn, yn)n∈N ⊂ W0, such that (xn, yn) → (x0, y0). It implies that
for each n ∈ N, {u ∈ X : f(xn, yn, u) ⊆ −intC(xn)} ⊂ V. We want to
prove that (x0, y0) ∈ W0, which is equivalent with {u ∈ X : f(x0, y0, u) ⊆
−intC(x0)} ⊂ V. If there exists n0 ∈ N such that {u ∈ X : f(x0, y0, u) ⊆
−intC(x0)} ⊂ {u ∈ X : f(xn0 , yn0 , u) ⊆ −intC(xn0 )}, the last assertion is
true.
Let u0 ∈ X, with the property that f(x0, y0, u0) ⊆ −intC(x0). Since
f(·, ·, u0) is upper semicontinuous on A, there exists an open neighbor-
hood W = U × V of (x0, y0) in A such that f(x, y, u0) ⊆ −intC(x0) for
each (x, y) ∈ U × V. Then, there exists N1 ∈ N such that f(xn, yn, u0) ⊆
−intC(x0) for each n > N1. The correspondence Q : X ⇒ Z is upper
semicontinuous on prXA and then, there exists an open neighborhood U0
of x0 in prXA such that for each x ∈ U0, Q(x) ⊆ Q(x0) or, −C(x0) ⊆
−C(x). Then, there exists N2 ∈ N such that −C(x0) ⊆ −C(xn) for each
n > N2. Let N = max(N1.N2). Therefore, f(xn, yn, u0) ⊆ −intC(xn) for
each n > N. Consequently, {u ∈ X : f(x0, y0, u) ⊆ −intC(x0)} ⊂ {u ∈ X :
f(xn, yn, u) ⊆ −intC(xn)} for each n > N and then, {u ∈ X : f(x0, y0, u) ⊆
−intC(x0)} ⊂ V. We conclude that (x0, y0) ∈ W0, W0 is closed and P is
lower semicontinuous on A.
The correspondence G : A⇒ X, defined by G(x, y) = K(x)∩P (x, y) for
each (x, y) ∈ A, is lower semicontinuous on A, sinceK and P are lower semi-
continuous with nonempty values, K has open values and G is nonempty
valued.
Further, let us define the correspondence H : X × Y ⇒ X by
H(x, y) =
{
coG(x, y), if (x, y) ∈ A;
K(x), otherwise
=
{
co(K(x) ∩ P (x, y)), if (x, y) ∈ A;
K(x), otherwise.
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According to Lemma 1, the correspondence H is lower semicontinuous
on X × Y . In addition, it has nonempty and convex values.
If K(X) is of the Zima type and H(x, y) ⊆ K(x) for each (x, y) ∈ X×Y,
it can be shown easily that H(X × Y ) is also of the Zima type.
Let us define M : X × Y ⇒ X × Y by M(x, y) = (H(x, y), T (x)) for
each (x, y) ∈ X × Y.
The correspondence M is lower semicontinuous with nonempty convex
values. We note that M(X,Y ) is totally bounded.
We will prove that M is of the Zima type. We notice that M(X × Y ) =
H(X × Y ) × T (X). We know that the sets H(X × Y ) and T (X) are of
the Zima type and therefore, for each neighborhoods U1 and U2 of 0 in
E, respectively F , there exist the neighborhoods V1 and V2 of 0 in E,
respectively F , such that
co(V1∩ (H(X×Y )−H(X×Y )) ⊂ U1 and co(V2∩ (T (X)−T (X)) ⊂ U2.
Therefore, co((V1 × V2) ∩ (H(X × Y )× T (X)−H(X × Y )× T (X)) ⊆
⊆co((V1 × V2) ∩ (H(X × Y )−H(X × Y )× (T (X)− T (X))) ⊆
⊆co(V1 ∩ (H(X × Y )−H(X × Y ))× (V2 ∩ (T (X)− T (X)) ⊆
⊆co(V1 ∩ (H(X × Y )−H(X × Y ))×co(V2 ∩ (T (X)− T (X)) ⊆ U1 ×U2.
It follows that for each for each neighborhood U1×U2 of (0, 0) in E×F ,
there exists a neighborhood V1 × V2 of (0, 0) in E × F , such that co((V1 ×
V2)∩ (H(X × Y )× T (X)−H(X × Y )× T (X)) ⊆ U1 ×U2, that is, M is of
the Zima type.
Then, according to the Park Theorem, there exists a U -almost fixed
point of M, that is, for each neighborhood W = (U, V ) of (0, 0) in X × Y,
there exists a point (xU , yV ) such thatM(xU , yV )∩ ((xU , yV )+(U, V )) 6= ∅.
It follows that H(xU , yV ) ∩ (xU + U) 6= ∅ and T (xU ) ∩ (yV + V ) 6= ∅.
For each symmetric open neighborhoodW = (W1,W2) of (0, 0) in E×F ,
there exist symmetric open neighborhoods U and V of the origin in E,
respectively F, such that (U, V ) + (U, V ) ⊂W. Then, there exist points xU ,
yV , zV ∈ X such that zV ∈ T (xU ) + V and zV ∈ yV + V.
X and Y are compact sets. Therefore, {xU}U and {yV }V have convergent
subsequences {xU ′}, respectively, {yV ′}. Let x∗ be the limit of {xU ′} and y∗
be the limit of {yV ′}. It follows that y∗ ∈ T (xU ′) +W ′2 for each symmetric
open neighborhood U ′ of 0 in E with the property that (U ′, V ′)+(U ′, V ′) ⊂
W ′, where V ′ is a symmetric open neighborhood of 0 in F and W ′ =
(W ′1,W
′
2) is a symmetric open neighborhood of (0, 0) in E × F. We claim
that y∗ ∈ T (x∗).
Let us assume, to the contrary, that y∗ /∈ T (x∗). We note that con-
dition ii) implies that T has nonempty lower sections. In addition, T has
a closed graph, therefore, its upper and lower sections are closed. Since
{x∗}∩T
−1
(y∗) = ∅ and E is a regular space, there exists U0 an open neigh-
borhood of 0 in E such that (x∗ + U0) ∩ T
−1
(y∗) = ∅. In this case, we
remark that, for each z ∈ (x∗ + U0), we have z /∈ T
−1
(y∗). As result, we
notice that y∗ /∈ T (z) or {y∗} ∩ T (z) = ∅. The closedness of each T (z) and
the regularity of F imply the existence of V0, an open neighborhood of 0
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in F, such that (y∗ + V0) ∩ T (z) = ∅ for each z ∈ x∗ + U0, which further
implies y∗ /∈ T (z) + V0 for each z ∈ x∗ + U0. Then, there exists U∗, an
open neighborhoods of the origin in E, such that for each symmetric open
neighborhood U ′ of the origin in E, with the property that U ′ ⊂ U∗, it
is true that y∗ /∈ T (xU ′ ) + V0 and therefore, y∗ /∈ T (xU ′∩U0) +W
′
2 ∩ V0.
The last assertion contradicts y∗ ∈ T (xU ′) +W ′2 for each symmetric open
neighborhood U ′ of 0 in E with the property that (U ′, V ′)+ (U ′, V ′) ⊂W ′,
where V ′ is a symmetric open neighborhood of 0 in F and W ′ = (W ′1,W
′
2)
is a symmetric open neighborhood of (0, 0) in E × F. It follows that our
assumption is false. Hence, y∗ ∈ T (x∗).
Similarly, we can show that x∗ ∈ H(x∗, y∗). For this, we take into ac-
count that iv f) implies that H has nonempty lower sections.
The next step of the proof is to show that (x∗, y∗) /∈ A. Suppose, to
the contrary, that (x∗, y∗) ∈ A. Then, x∗ ∈ H(x∗, y∗) = G(x∗, y∗), which
contradicts iv a). Thus, (x∗, y∗) /∈ A. Therefore, x∗ ∈ K(x∗), y∗ ∈ T (x∗)
and G(x∗, y∗) = K(x∗) ∩ P (x∗, y∗) = ∅.
Consequently, there exist x∗, y∗ ∈ X such that x∗ ∈ K(x∗), y∗ ∈ T (x∗)
and f(x∗, y∗, u) * −intC(x∗) for each u ∈ K(x∗).
Remark 1 Instead of assuming that K has open values, we can assume that
for each (x, y) ∈ A, {u ∈ X : f(x, y, u) ⊆ −intC(x)} is open, that is, P|A
has open values. One of these two conditions is needed in order to obtain
the lower semicontinuity of P|A.
4 Applications of the KKM principle to the equilibrium
problems
Many essential results of the equilibrium theory can be derived from the
KKM principle. We recall the KKM principle here. We note that its open
version is due to Kim [11] and Shih and Tan [19].
LetX be a subset of a topological vector space and D a nonempty subset
of X such that coD ⊂ X.
T : D ⇒ X is called a KKM correspondence if coN ⊂ T (N) for each
N ∈ 〈D〉, where 〈D〉 denotes the class of all nonempty finite subsets of D.
KKM principle Let D be a set of vertices of a simplex S and T : D ⇒
2S a correspondence with closed (respectively open) values such that
coN ⊂ T (N) for each N ⊂ D.
Then,
⋂
z∈D T (z) 6= ∅.
The following lemma is a consequence of the KKM principle. It will
be used to obtain new existence results for generalized vector equilibrium
problems in this section.
Lemma 3 Let X be a subset of a topological vector space, D a nonempty
subset of X such that coD ⊂ X and T : D ⇒ X a KKM correspondence with
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closed (respectively open) values. Then {T (z)}z∈D has the finite intersection
property.
In this section, we approach a particular case of the problem considered
in Section 3.
Let X be a nonempty subset of a topological vector space E and let Z be
a topological vector space. Let C ⊂ Z be a pointed closed convex cone with
nonempty interior. Let K : X ⇒ X and f : X×X ⇒ Z be correspondences
with nonempty values. We consider the following generalized vector quasi-
equilibrium problem:
(GVQEP 2): Find x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, y) * −intC
for each y ∈ K(x∗).
Now, we are establishing an existence theorem for a generalized vector
equilibrium problem by using Lemma 3.
Theorem 4 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let C ⊂ Z
be a pointed closed convex cone with nonempty interior and let K : X ⇒ X
and f : X×X ⇒ Z be correspondences with nonempty values. Assume that:
i) K is open valued and for each x ∈ X, the set {u ∈ X : f(x, u) ⊆
−intC} is open;
ii) f(x, x) * −intC for each x ∈ X;
iii) there exists M ∈ 〈X〉 such that
⋃
x∈M∩A[{u ∈ X : f(x, u) ⊆
−intC} ∩ K(x)]
⋃⋃
x∈M\AK(x) = X, where A = {x ∈ X : there exists
u ∈ K(x) such that f(x, u) ⊆ −intC};
iv) K−1 : X ⇒ X is convex valued and for each u ∈ X, the set {x ∈
X : f(x, u) ⊆ −intC} ∪ (X\A) is convex ;
Then, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, y) * −intC
for each y ∈ K(x∗).
Proof. Let P,G : X ⇒ X be defined by
P (x) = {u ∈ X : f(x, u) ⊆ −intC}, for each x ∈ X and
G(x) = K(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ K(x∗)
and K(x∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : P (x) ∩K(x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A ⇒ X, defined by G(x) = K(x) ∩ P (x) for
each x ∈ A, is nonempty valued on A. We note that for each u ∈ X,
G−1(u) = P−1(u) ∩K−1(u) is a convex set as intersection of convex sets.
Further, let us define the correspondence H : X ⇒ X by
H(x) =
{
G(x), if x ∈ A;
K(x), otherwise
=
{
K(x) ∩ P (x), if x ∈ A;
K(x), otherwise.
According to i), H is open valued and according to iv), for each u ∈ X,
P−1(u) ∪ (X\A) is convex.
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For each u ∈ X,
H−1(u) = {x ∈ X : u ∈ H(x)} =
= {x ∈ A : u ∈ G(x)} ∪ {x ∈ X \A : u ∈ K(x)} =
= {x ∈ A : u ∈ K(x) ∩ P (x)} ∪ {x ∈ X \A : u ∈ K(x)}
= [A ∩ P−1(u) ∩K−1(u)] ∪ [(X\A)∩ K−1(u)] =
= [P−1(u) ∪ (X\A)] ∩K−1(u).
H−1(u) is convex, since P−1(u) ∪ (X\A) and K−1(u) are convex sets.
Assumption iii) implies that there existsM ∈ 〈X〉 such that
⋃
x∈M H(x) =
X.
Let us define F : X ⇒ X by F (x) := X\H(x) for each x ∈ X.
Then, F is closed valued and
⋂
x∈M F (x) = X\
⋃
x∈M (H(x)) = ∅.
According to Lemma 3, we conclude that F is not a KKM correspon-
dence. Thus, there existsN ∈ 〈X〉 such that coN  F (N) =
⋃
x∈N(X\H(x)).
Hence, there exists x∗ ∈coN with the property that x∗ ∈ H(x) for each
x ∈ N. Therefore, there exists x∗ ∈coN such that x∗ ∈ H(x) for each x ∈ N,
which implies N ⊂ H−1(x∗). Further, it is true that coN ⊂coH−1(x∗) =
H−1(x∗). Consequently, x∗ ∈coN ⊂coH−1(x∗) = H−1(x∗), which means
that x∗ ∈ H(x∗), that is, x∗ is a fixed point for H.
We notice that, according to ii), x /∈ P (x) for each x ∈ X, and then,
x∗ /∈ A. Therefore, x∗ ∈ K(x∗) and G(x∗) = K(x∗) ∩ P (x∗) = ∅.
Consequently, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, u) *
−intC for each u ∈ K(x∗).
Case II.
A = {x ∈ X : P (x) ∩K(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
In this case, G(x) = ∅ for each x ∈ X.
Let us define F : X ⇒ X by F (x) := X\K(x) for each x ∈ X. The
proof follows the same line as above and we obtain that there exists x∗ ∈ X
such that x∗ ∈ K(x∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case I.
Remark 2 Assumption i) can be replaced with
i’) K is closed valued and for each x ∈ X, the set {u ∈ X : f(x, u) ⊆
−intC} is closed.
In this case, F is open valued.
The next theorem can be obtained easily by following a similar reasoning
as in the above result.
Theorem 5 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let C ⊂ Z
be a pointed closed convex cone with nonempty interior and let K : X ⇒ X
and f : X×X ⇒ Z be correspondences with nonempty values. Assume that:
i) K is open (resp. closed) valued and for each x ∈ X, the set {u ∈ X :
f(x, u)∩intC = ∅} is open (resp. closed);
ii) f(x, x)∩intC = ∅ for each x ∈ X;
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iii) there exists M ∈ 〈X〉 such that
⋃
x∈M∩A[{u ∈ X : f(x, u)∩intC =
∅}∩K(x)]
⋃⋃
x∈M\AK(x) = X, where A = {x ∈ X : there exists u ∈ K(x)
such that f(x, u)∩intC = ∅};
iv) K−1 : X ⇒ X is convex valued and for each u ∈ X, the set {x ∈
X : f(x, u)∩intC = ∅} ∪ (X\A) is convex ;
Then, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, y)∩intC 6= ∅
for each y ∈ K(x∗).
Proof. Let P,G : X ⇒ X be defined by
P (x) = {u ∈ X : f(x, u)∩intC = ∅}, for each x ∈ X and
G(x) = K(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ K(x∗)
and K(x∗) ∩ P (x∗) = ∅.
The rest of the proof follows the same line as the proof of Theorem 4.
We obtain a new theorem concerning the existence of solutions for a
generalized vector equilibrium problem.
Theorem 6 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let C ⊂ Z
be a pointed closed convex cone with nonempty interior and let K : X ⇒ X
and f : X×X ⇒ Z be correspondences with nonempty values. Assume that:
i) K is open valued and for each x ∈ X, the set {u ∈ X : f(x, u) ⊆
−intC} is open;
ii) f(x, x) * −intC for each x ∈ X;
iii) if A = {x ∈ X : there exists u ∈ K(x) such that f(x, u) ⊆ −intC},
then for each N ∈ 〈A〉, (coN rN) ∩ A = ∅;
iv) there exists M ∈ 〈A〉 such that
⋃
x∈M{u ∈ X : f(x, u) ⊆ −intC} ∩
K(x) = X;
v) K−1 : X ⇒ X is convex valued and for each u ∈ X, the set {x ∈ X :
f(x, u) ⊆ −intC} is convex ;
Then, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, y) * −intC
for each y ∈ K(x∗).
Proof. Let P,G : X ⇒ X be defined by
P (x) = {u ∈ X : f(x, u) ⊆ −intC}, for each x ∈ X and
G(x) = K(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ K(x∗)
and K(x∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : P (x) ∩K(x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A ⇒ X, defined by G(x) = K(x) ∩ P (x) for
each x ∈ A, is nonempty valued on A. We note that for each u ∈ X,
G−1(u) = P−1(u) ∩ K−1(u) is a convex set since it is an intersection of
convex sets.
Further, let us define the correspondences H,L : X ⇒ X by
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H(x) =
{
G(x), if x ∈ A;
∅, otherwise
and
L(x) =
{
G(x), if x ∈ A;
K(x), otherwise.
According to i), H is open valued.
For each u ∈ X,
H−1(u) = {x ∈ X : u ∈ H(x)} =
= {x ∈ A : u ∈ G(x)} =
= {x ∈ A : u ∈ K(x) ∩ P (x)}
= A ∩ P−1(u) ∩K−1(u) =
= P−1(u) ∩K−1(u).
L−1(u) = {x ∈ X : u ∈ L(x)} =
= {x ∈ A : u ∈ G(x)} ∪ {x ∈ X \A : u ∈ K(x)} =
= {x ∈ A : u ∈ K(x) ∩ P (x)} ∪ {x ∈ X \A : u ∈ K(x)}
= (A ∩ P−1(u) ∩K−1(u) ∪ [(X\A)∩ K−1(u)] =
= [P−1(u) ∪ (X\A)] ∩K−1(u).
Since for each u ∈ X, K−1(u) andP−1(u) are convex, then, H−1(u) is
convex. Therefore, coH−1(u) ⊂ L−1(u) for each u ∈ X .
Assumption iii) implies that there existsM ∈ 〈A〉 such that
⋃
x∈M H(x) =
X.
Let us define F : X ⇒ X by F (x) := X\H(x) for each x ∈ X.
Then, F is closed valued and
⋂
x∈M F (x) = X\
⋃
x∈M (H(x)) = ∅.
According to Lemma 3, we can conclude that F is not a KKM correspon-
dence. Thus, there existsN ∈ 〈X〉 such that coN  F (N) =
⋃
x∈N(X\H(x)).
Hence, there exists x∗ ∈coN with the property that x∗ ∈ H(x) for each
x ∈ N. Therefore, there exists x∗ ∈coN such that x∗ ∈ H(x) for each x ∈ N,
which implies N ⊂ H−1(x∗). Further, it is true that coN ⊂coH−1(x∗) ⊂
L−1(x∗). Consequently, x∗ ∈coN ⊂coH−1(x∗) ⊂ L−1(x∗), which means
that x∗ ∈ L(x∗), that is, x∗ ∈coN is a fixed point for L.
We notice that, according to ii), x /∈ P (x) for each x ∈ X, and then,
x∗ /∈ A. This fact is possible since x∗ ∈coN and assumption iii) asserts that
(coNrN)∩A = ∅. Therefore, x∗ ∈ K(x∗) and G(x∗) = K(x∗)∩P (x∗) = ∅.
Consequently, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, u) *
−intC for each u ∈ K(x∗).
Case II.
A = {x ∈ X : P (x) ∩K(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
In this case, G(x) = ∅ for each x ∈ X.
Let us define F : X ⇒ X by F (x) := X\K(x) for each x ∈ X. The
proof follows the same line as above and we obtain that there exists x∗ ∈ X
such that x∗ ∈ K(x∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case II.
Remark 3 Assumption i) can be replaced with
i’) K is closed valued and for each x ∈ X, the set {u ∈ X : f(x, u) ⊆
−intC} is closed.
In this case, F is open valued.
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Theorem 7 can be stated as follows.
Theorem 7 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let C ⊂ Z
be a pointed closed convex cone with nonempty interior and let K : X ⇒ X
and f : X×X ⇒ Z be correspondences with nonempty values. Assume that:
i) K is open (resp. closed) valued and for each x ∈ X, the set {u ∈ X :
f(x, u)∩intC = ∅} is open (resp.closed);
ii) f(x, x)∩intC = ∅ for each x ∈ X;
iii) if A = {x ∈ X : there exists u ∈ K(x) such that f(x, u)∩intC = ∅},
then for each N ∈ 〈A〉, (coN rN) ∩ A = ∅;
iv) there exists M ∈ 〈A〉 such that
⋃
x∈M{u ∈ X : f(x, u)∩intC =
∅} ∩K(x) = X;
v) K−1 : X ⇒ X is convex valued and for each u ∈ X, the set {x ∈ X :
f(x, u)∩intC = ∅} is convex .
Then, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, y)∩intC 6= ∅
for each y ∈ K(x∗).
Proof. Let P,G : X ⇒ X be defined by
P (x) = {u ∈ X : f(x, u)∩intC = ∅}, for each x ∈ X and
G(x) = K(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ K(x∗)
and K(x∗) ∩ P (x∗) = ∅.
The rest of the proof follows a similar line as the proof of Theorem 6.
Now, we are proving the existence of solutions for a general vector equi-
librium problem concerning correspondences under new assumptions.
Theorem 8 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let C ⊂ Z
be a pointed closed convex cone with nonempty interior and let K : X ⇒ X
and f : X×X ⇒ Z be correspondences with nonempty values. Assume that:
i) K is open valued and for each (x, y) ∈ X ×X with the property that
f(x, y) ⊆ −intC, there exists z = zx,y ∈ X such that y ∈intX{u ∈ X :
f(zx,y, u) ⊆ −intC};
ii) f(x, x) * −intC for each x ∈ X;
iii) there exists M ∈ 〈X〉 such that
⋃
x∈M∩A[
⋃
y∈K(x),f(x,y)⊆−intC(intX{u ∈
X : f(zx,y, u) ⊆ −intC}∩K(x)]
⋃⋃
x∈M\AK(x) = X, where A = {x ∈ X :
there exists u ∈ K(x) such that f(x, u) ⊆ −intC};
iv) for each u ∈ X, the set {x ∈ X : f(x, u) ⊆ −intC} ∪ [(X\A) ∩
(K−1(u)] is convex ;
v) for each x ∈ A,
⋃
y∈K(x),f(x,y)⊆−intC intX{u ∈ X : f(zx,y, u) ⊆
−intC} ⊂ {u ∈ X : f(x, u) ⊆ −intC};
Then, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, y) * −intC
for each y ∈ K(x∗).
Proof. Let P,G : X ⇒ X be defined by
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P (x) = {u ∈ X : f(x, u) ⊆ −intC}, for each x ∈ X and
G(x) = K(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ K(x∗)
and K(x∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : P (x) ∩K(x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A ⇒ X, defined by G(x) = K(x) ∩ P (x) for
each x ∈ A, is nonempty valued on A.
Further, let us define the correspondences H,L : X ⇒ X by
H(x) =
{
G(x), if x ∈ A;
K(x), otherwise
and
L(x) =
{
P (x), if x ∈ A;
K(x), otherwise
For each u ∈ X,
L−1(u) = {x ∈ X : u ∈ L(x)} =
= {x ∈ A : u ∈ P (x)} ∪ {x ∈ X \A : u ∈ K(x)} =
= (A ∩ P−1(u)) ∪ [(X\A)∩ K−1(u)] =
= P−1(u) ∪ [(X\A) ∩K−1(u)].
According to i) G is transfer-open valued. Assumptions i) and iii) imply
that there exists M ∈ 〈X〉 and for each x ∈ M and y ∈ H(x), there exists
zx,y ∈ X such that y ∈intXH(zx,y)∩H(x) and
⋃
x∈M (
⋃
y∈H(x)intXH(zx,y)) =
X . In addition, assumption v) implies
⋃
y∈H(x)intXH(zx,y) ⊆ P (x) for each
x ∈ A. We note that if x ∈ X\A, then H(x) = K(x) is open and y ∈ H(x)
implies zx,y = x and y ∈ H(zx.y) =intH(x). In this last case it is obvious
that
⋃
y∈H(x)intXH(zx,y) =
⋃
y∈H(x)intXH(x) =
⋃
y∈H(x)H(x) = H(x).
Let us define F : X ⇒ X by F (x) := X\
⋃
y∈H(x)intXH(zx,y) for each
x ∈ H.
Then, F is closed valued and
⋂
x∈M F (x) = X\
⋃
x∈M (
⋃
y∈H(x)intXH(zx,y)) =
∅.
According to Lemma 3, we can conclude that F is not a KKM correspon-
dence. Thus, there existsN ∈ 〈X〉 such that coN  F (N) =
⋃
x∈N(X\
⋃
y∈H(x)intXH(zx,y)).
Hence, there exists x∗ ∈coN with the property that x∗ ∈
⋃
y∈H(x)intXH(zx,y)
for each x ∈ N. If x ∈ A,
⋃
y∈H(x)intXH(zx,y) ⊂ P (x) and if x ∈ X\A,⋃
y∈H(x)intXH(zx,y) = H(x). Therefore, there exists x
∗ ∈coN such that
x∗ ∈ L(x) for each x ∈ N, which implies N ⊂ L−1(x∗). Further, it is true
that coN ⊂coL−1(x∗) = L−1(x∗). Consequently, x∗ ∈coN ⊂coL−1(x∗) =
L−1(x∗), which means that x∗ ∈ L(x∗). We notice that, according to ii),
x /∈ P (x) for each x ∈ X, and then, x∗ /∈ A. Therefore, x∗ ∈ K(x∗) and
G(x∗) = K(x∗) ∩ P (x∗) = ∅.
Consequently, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, u) *
−intC for each u ∈ K(x∗).
Case II.
A = {x ∈ X : P (x) ∩K(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
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In this case, G(x) = ∅ for each x ∈ X. Let us define F : X ⇒ X by
F (x) := X\K(x) for each x ∈ X. The proof follows the same line as above
and we obtain that there exists x∗ ∈ X such that x∗ ∈ K(x∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case II.
Now, we are establishing Theorem 9.
Theorem 9 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let C ⊂ Z
be a pointed closed convex cone with nonempty interior and let K : X ⇒ X
and f : X×X ⇒ Z be correspondences with nonempty values. Assume that:
i) K is open valued and for each (x, y) ∈ X ×X with the property that
f(x, y)∩intC = ∅, there exists z = zx,y ∈ X such that y ∈intX{u ∈ X :
f(zx,y, u)∩intC = ∅};
ii) f(x, x)∩intC = ∅ for each x ∈ X;
iii) there exists M ∈ 〈X〉 such that
⋃
x∈M∩A[
⋃
y∈K(x),f(x,y)∩intC=∅(intX{u ∈
X : f(zx,y, u)∩intC = ∅} ∩ K(x)]
⋃⋃
x∈M\AK(x) = X, where A = {x ∈
X : there exists u ∈ K(x) such that f(x, u)∩intC = ∅};
iv) for each u ∈ X, the set {x ∈ X : f(x, u)∩intC = ∅} ∪ [(X\A) ∩
(K−1(u)] is convex ;
v) for each x ∈ A,
⋃
y∈K(x),f(x,y)∩intC=∅intX{u ∈ X : f(zx,y, u)∩intC =
∅} ⊂ {u ∈ X : f(x, u) ⊆ −intC};
Then, there exists x∗ ∈ X such that x∗ ∈ K(x∗) and f(x∗, y)∩intC 6= ∅
for each y ∈ K(x∗).
5 CONCLUDING REMARKS
In the first part of this paper, we have proved the existence of solutions
for generalized quasi-equilibrium problems on Banach spaces. The involved
correspondences are almost lower semicontinuous. Then, we have established
a new result in topological vector spaces, in the case of lower semicontinuity
of the correspondences. Our research extends on some results which exist
in literature and is based on fixed point theorems. In the second part, we
have obtained new equilibrium theorems by applying the KKM principle.
This study will be continued by considering abstract convex spaces and
generalized KKM theorems.
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